Abstract-
I. INTRODUCTION
The effects of attenuation correction in SPECT imaging have been intensively evaluated for cardiac perfusion imaging, but not for SPECT oncology. At the same time, the effects of attenuation correction on tumor detection in SPECT oncology have not been studied as intensively as in PET oncology either.
For SPECT cardiac perfusion studies, the effects of attenuation have been focused on image noise, uniformity, influence of scatter in the reconstructed images, etc. In general, AC increases the overall SPECT image noise due to the amplification of noise in emission data by the multiplicative aspect of AC and the propagation of noise from attenuation maps to the emission reconstruction. Attenuation may also decrease the local uniformity of cardiac perfusion images, thus potentially introducing artifacts into the images. When scatter correction is not performed, AC can artificially boost the effect of scatter in the images and result in potentially poor quantification of the cardiac studies, such as underestimation of cardiac ejection fraction.
Attenuation correction for SPECT tumor imaging inherits effects similar to cardiac studies. However, tumor detection usually means reviewing the areas of high uptake in a relatively low uptake background in the images, while cardiac perfusion studies usually mean reviewing the low uptake areas in a relatively high uptake background. It is , therefore, important to conduct systematic studies of the effects of AC on tumor detection for SPECT oncology.
While most of the studies use clinical results and observations to compare the effects of AC, which leads to lots of debate about the desirability of AC in PET oncology, Bai et al [1] performed an analytical study showing that lung tumors of around a critical SUV value could disappear in non-AC PET images, and that AC improved lung tumor delectability. The analytical study also explained the widely observed phenomena of hot skin, higher TBR in non-AC images in uniform attenuation media, and could also be used to predict the appearance of PET oncology [2] .
Due to the fact that the attenuation mechanism in SPECT is very different from that in PET, attenuation correction may have different effects on tumor detection than in PET. The results in [1] and [2] cannot be directly applied to SPECT oncology. Therefore, a similar study is needed in SPECT.
For SPECT attenuation correction, Chang's postreconstruction AC technique [3] and the technique that models non-uniform attenuation in iterative reconstruction algorithms [4] are of most common interest. Chang's technique is simple and effective for some applications, e.g., brain imaging, but is an approximated approach. The latter is more complicated to implement and requires the availability of attenuation maps but is believed to be more accurate (denoted as accurate AC). Some researchers have compared the effects of these two approaches on SPECT tumor detection. Glenn et al [5] concluded that Chang's AC did not improve Ga-67 SPECT tumor detection over non-AC, but the accurate AC did.
In this investigation, we perform a systematical study to analyze and predict the appearance of non-AC SPECT oncology images using the theory of filtered-backprojection reconstruction algorithm (FBP). We then use the results to analyze if Chang's AC technique can improve TBR as compared with non-AC for SPECT tumor detection. Finally, we design a series of simulation studies to evaluate the results from the theoretical analysis point of view.
II. THEORY AND METHODS

A. Filtered-Back Projection Reconstruction-Point Source
The reason we choose FBP rather than other popular algorithms, such as MLEM or OSEM, is that FBP is linear and allows easy analytical evaluation of the reconstruction. This approach can also be applied to other reconstructions with a greater effect.
Since FBP reconstruction is linear, we start with the situation of a point source ) Fig.1 illustrates the coordinate system that we use in this work for the attenuated Radon transform (projection) and FBP reconstruction.
The attenuated Radon transfer at projection angle φ is:
, and
is the attenuation factor from source x to the detector along direction ⊥ φ , which is the direction perpendicular to φ and pointing to the detector. For the point source, the projection at angle φ becomes:
The two-dimensional FBP reconstruction can be decomposed into two steps. The first step is that for each projection angle φ , the projection is filtered with a twodimensional filter. Mathematically, the filtering process is the convolution of the projection data with a convolution kernel in spatial domain ) (t q . We here use the kernel from [6] :
This kernel has the property that its integration from negative infinity to positive infinity is 0. Its convolution with the projection at angle φ in Equation (3) gives:
The second step of the FBP reconstruction is to backproject the filtered projection of all the angles [in Equation (5)] to the image space and add them up to obtain the FBP image. Explicitly, the FBP reconstructed image is:
For the point source, the FBP reconstructed value at 0 x is
For a point in the image space that is different from the point source, the FBP reconstructed value at x is
If there is no attenuation, i.e., 0 ) ( = x µ , the attenuation factors in Equations (7) and (8) become 1.0, these two equations can then be simplified as:
, and (
where
Use Equation (4) for the convolution kernel, we have
The combination of Equations (9) and (11) show that when there is no attenuation in the projection, the reconstruction of a point source using FBP is still a point source. Now, if there is attenuation, i.e., 0 ) ( ≠ x µ , Equations (7) and (8) show that the reconstruction of the point source using FBP without AC is a scaled point source at the position of the original point source and some residual activity at other-than-the-point-source region of the image space. Explicitly, we can see that Equation (7) is the scaled version of Equation (9), and the scaling factor is shown in Equation (12), which is solely dependent upon the attenuation medium distribution and the position of the point source inside of the attenuation medium.
For the other-than-the-point-source region, the integrant in the right-hand side of Equation (8) 
kernel modulated by the attenuation factor at each angle. The integration in Equation (8) can be non-zero because the attenuation factors can vary from angle to angle and the integration cannot be simplified as in Equation (11).
B. FBP-Distributed Sources
Knowing that FBP is a linear reconstruction algorithm, we consider the FBP reconstructed image of a distributed source is the superposition of the FBP reconstructed images of all the point sources that the distributed sources are consisted of. Therefore, the FBP reconstructed image of the distributed sources is:
where ) (x g is residual reconstructed value at x due to the existence of activity at position '
x , which can be obtained using
is also a function of '
x .
Equation (13) demonstrates that the FBP reconstruction of a distributed source (without AC) is the summation of a scaled image of the original source distribution and a shifted image due to the effect of non-AC [second term in the right-hand-side of Equation (13)]. The scaling image ) (x s is solely determined by the attenuation map and can be calculated using Equation (12).
C. Tumor-to-Background Ratio in Non-AC Images
From Equation (13), one can obtain the tumor-to-background ratio in non-AC SPECT images as:
where T and B stand for a point of the tumor and a point of the background, respectively. The scaling factors of the tumor and background can be obtained from Equation (12).
D. The Effect of Chang's AC on Tumor Detection
Chang's AC technique first defines an attenuation contour of the object and assumes a uniform attenuation coefficient inside the contour. After reconstruction without AC, each point of the reconstructed image is corrected with/by the attenuation factor that is equivalent to the scaling factor in Equation (12), explicitly, 
Comparing with the true TBR, which is given by
, one can see that whether Chang's AC using correct attenuation maps improves the TBR or not is determined by the shifted image, as well as the scaling factor of the tumor and background. Comparing with FBP reconstruction followed by Chang's AC, iterative reconstruction that models the non-uniformation attenuation correction in the iterative approaches is expected to perform accurate AC. Thus the true TBR can be obtained.
III. SIMULATION STUDIES AND RESULTS
The shifted image described in the second term of the lefthand side of Equation (13) is a function of both the source distribution and the attenuator distribution. Simulation studies are the first choice to illustrate how the shift images look at different source and attenuator distributions and how they affect the TBR in the FBP images.
A. Tumors in Abdomen
For the first series of simulation studies, we generated a simple circular slice with a radius of 20.16 cm that models a uniformly filled disc with a Tc-99m solution (attenuation coefficient of 0.15/cm at 140 keV). This disc is intended to roughly mimic the abdomen region of a human body where attenuation is relatively uniform. Four source/attenuator combinations were considered as follows:
(1) Uniform activity of 1.0 in an arbitrary unit in the disc; (2) Same as in (1) but with a tumor that is located half way from the disc center to the edge. The tumor has an activity of 1.25 in the same arbitrary unit as above and a diameter of 2.88 cm. It has the same attenuation coefficient as water; (3) Same as (2) but activity only in the tumor; and (4) Same as (2) but activity only in the disc, not the tumor. The reconstructed images are in Figure 2 (a). A line profile is plotted across the tumor and its neighboring disc region in Figure 2(b) . The image and plot corresponding to the source/attenuator combination (4) demonstrate the property of the shifted image.
It is shown that the shifted image is positive at the tumor position. This shifted value can be approximately used for the shifted value of the surrounding regions of the disc. Thus, the TBR without AC [Equation (14)] is less than the true TBR.
On the other hand, since the attenuator is uniform even with the tumor, the scaling factor of the tumor can be approximately used for the surrounding regions of the tumor (thus the background). Consequently, the TBR with Chang's AC is approximately the same as that with non-AC and is lower than the true TBR.
B. Tumors in Mediastinum
For the second series of simulation studies, we generated a circular slice with a radius of 20.16 cm that models a uniformly filled disc with a Tc-99m solution. Two small discs with diameters of 13.10 cm were put inside the above big disc to model the lungs (attenuation coefficient is 0.05/cm). The separation of the two discs defines the mediastinum region. This setup mimics a slice of the thorax. The following threesource/attenuator combinations were simulated:
(1) A disc-shaped tumor with a diameter of 2.88 cm and an activity of 1.25 in an arbitrary unit was put in the mediastinum. Its attenuation coefficient was the same as that of water. The lung had an activity 0.5 in an arbitrary unit, and the rest of the thorax had an activity of 1.0 in an arbitrary unit;
(2) Same as (1) but activity only in the tumor; and (3) Same as (1) but activity not simulated in the tumor. The reconstructed images were evaluated, and the line profiles across the tumor and the mediastinum region were plotted in a similar way to the tumor in abdomen situation (images and plots are not shown in this paper due to the page limit).
The results are very similar to those for tumors in the abdomen area. Explicitly, it indicates that the shifted image is positive at the tumor and mediastinum background. FBP without AC leads to a lower TBR than the true one. Chang's AC does not improve the TBR as compared with non-AC.
C. Tumors in Lungs
For the third series of simulation studies, we used the same setup as for the tumor in mediastinum studies but the tumor was put in the lung. We studied the following five source/attenuator combinations:
(1) No tumor in the lung, the lung activity 0.5, the rest of the thorax 1.0, all in an arbitrary unit;
(2) One tumor in the lung, the tumor activity 1.25 in an arbitrary unit, the tumor size 2.88 cm in diameter, the tumor attenuation coefficients 0.15/cm; (3) Activity only in the tumor; (4) Activity in all the thorax but the tumor; and (5) Same as (4) but the attenuation coefficient of the tumor was set to that of lung tissue to obtain the shift image for lungs.
Images of the first four combinations are shown in Figure  3(a) . Line profiles across the tumor in each of the reconstruction images are shown in Figure 3(b) .
The result for the combination (4) above shows a negative value of the shifted image at the tumor position. The result for the combination (5) above shows a position value of the shifted image at the tumor position. It is used to approximate the value of the shifted image at the lung tissue for the TBR analysis. One can see from Equation (14) that without AC, the TBR is always lower than the true TBR. Since the value of the shifted image at the tumor position is negative, and the scaling factor for the tumor is slightly less than that of lungs because the tumor tissue is denser than lungs, there is a threshold value of the tumor activity that makes the TBR without AC to be 1.0, in other words, the tumor with such an activity has zero contrast and thus invisible in the FBP images. Below this threshold value TBR is less than 1.0 and the tumor with an uptake higher than the lung tissue appears colder than the latter in the FBP image.
The effect of applying Chang's AC on the TBR of a tumor in lung is almost negligible if a uniform attenuation approximation is made [Equation (16)]. If the true attenuation map is available and used as shown in Equation (17), then the effect becomes sensitive to the size of the tumor. Since the tumor is usually denser than the lung tissue, the scaling factor of the tumor [shown in Equation (12)] is less than the surrounding lung tissue. The correction of this scaling factor using Chang's AC technique will slightly boost up the TBR result from non-AC images. For example, for the center of the tumor with a diameter of 2.88 cm, the scaling factor is about 14% less than that of the lung tissue. Thus, Chang's AC using the true attenuation map can improve TBR by up to 15%. For a tumor with diameter of 1.0 cm, this improvement can be up to 5%.
D. MCAT Phantom Studies
For the final series of simulation studies, two slices of the MCAT phantom as attenuation media to simulate attenuation of the thorax and abdomen were used. Tumors were simulated in the lungs, the mediastinum, and the abdomen.
For all the simulate studies, the tumor size was 2.88 cm in diameter with attenuation coefficient being 0.15/cm. The lungs had the activity of 0.5 in an arbitrary unit and the attenuation coefficient was set to 0.5/cm. The activities of the mediastinum, chest wall, bones, and the abdomen were all 1.0 in an arbitrary unit. Different tumor activities were simulated. All the images were reconstructed with FBP without AC. Figure 4 shows the reconstructed images. Table 1 shows the reconstructed TBR as compared to the input TBR for tumors in the abdomen and lungs. The images show that in abdomen and mediastinum areas, the FBP reconstruction without AC has lower TBR's than the true ones. In lungs, tumors appear cold when the tumor activity is below 1.25, or the true TBR of 2.50, and invisible when tumor activity is around 1.25. 
IV. DISCUSSIONS
Although our investigation is based on the FBP reconstruction, we hypothesize that similar observations would be found for other reconstruction algorithms. This hypothesis was widely observed in both PET and SPECT oncology through ROC (receiver-operator-characteristic) studies.
The simulation results in this study are based on photons with the energy level of 140 keV. For different agents with different photon energies, the quantitative results in the simulation studies cannot be directly applied. However, we hypothesize that the general effects of attenuation correction on the SPECT tumor detection predicted by the analytical analysis are similar. This was proved by the result reported by Glenn et al in [5] .
This work also shows that for SPECT tumor detection the effects of accurate AC are similar to that for PET tumor detection for tumors in lungs; i.e., it improves the TBR value for both of the modalities. Yet, for the tumors in uniform attenuation media, such as in the mediastinum and abdomen areas, the effect of accurate AC is opposite to that for PET. Explicitly, accurate AC improves TBR as compared with non-AC for SPECT oncology, but opposite for PET oncology.
V. CONCLUSION
In this work, we analytically studied the effects of the attenuation correction method on the tumor detection in SPECT oncology. We showed that (1) for the lung tumors, when the tumor-to-lung uptake ratio is above a threshold value, the tumors are visible in both AC and non-AC images; around the threshold, the tumors "disappear" in non-AC images, and below the threshold, the tumors appear cold in non-AC images. These effects are similar to those in PET oncology. (2) In mediastinum and abdomen areas, non-AC images have a lower TBR ratio than both the true uptake ratio and the TBR ratio of the images with accurate AC. This effect is opposite in the case of PET oncology. (3) The Chang's post-reconstruction AC technique does not improve TBR. In contrast, the accurate AC can improve the TBR value as compared to non-AC, thus potentially improving the clinical application of SPECT oncology.
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